The vector decomposition theorem of Helmholtz leads to a form of the Coulomb gauge in which the potentials are expressed in a form that is totally instantaneous. The scalar potential is expressed in terms of the instantaneous charge density, the vector potential in terms of the instantaneous magnetic field.
Introduction
Despite its apparent generality, the vector decomposition theorem of Helmholtz does not seem to have found a central place in classical electromagnetic theory. This may be due to a misconception that it can be applied only to vector fields that do not change with time. In this paper we show that the Helmholtz theorem leads directly to a dynamical vector potential for electromagnetism and that this vector potential is the Coulomb gauge vector potential, but in a form that is instantaneous in time. The scalar potential of the Coulomb gauge is expressed in terms of the instantaneous charge density, as usual; the vector potential is expressed in terms of an integral over the instantaneous magnetic field. Section 2 of this paper summarizes recent advances in the understanding of the Coulomb gauge. Section 3 shows how Helmholtz's theorem suggests a form for the vector potential and section 4 shows how this form is consistent with the dynamics of the Coulomb gauge. Section 5 demonstrates the mathematical equivalence between the new form of the vector potential and the one obtained recently by Jackson [1] . Section 6 gives a simple example of the use of the new form of the potential by using it to obtain the vector potential of the idealized Bohm-Aharonov solenoid and section 7 summarizes the results of the paper.
Potentials and fields
The physically observable electromagnetic fields E(x, t) and B(x, t) that result from source densities of electric charge ρ(x, t) and current J(x, t) may be expressed as the spatial and temporal gradients of the scalar and vector potentials ϕ(x, t) and A(x, t) [2] E = −∇ϕ − ∂A/∂ct and B = ∇ × A. (2.1) In classical electromagnetism, the potentials are often useful as an aid to calculating the fields but in quantum theory they appear to be essential in describing properly the interaction of charge with the electromagnetic field [3] [4] [5] [6] . For this purpose, it is necessary to obtain the potentials that correspond to a given configuration of fields or sources.
It has long been understood that the potentials are not unique [7] . If they are changed to A = A + ∇χ and
2) where the gauge function χ(x, t) is any single-valued, continuously differentiable function of x and t that vanishes at infinity, then the fields E and B remain unchanged. Therefore, many different sets of potentials ϕ and A (gauges) correspond to a given set of fields E and B which result from the presence of ρ and J. Some gauges may be more useful than others in a particular calculation, and the transformation from one gauge to another is made by choosing an appropriate gauge function. The matter has recently been discussed by Jackson [1] , who has given many examples of gauge transformations.
One gauge that is used frequently in introductory electrodynamics [2, 8] and has many uses in non-relativistic quantum electrodynamics [9] is the Coulomb gauge [10] [11] [12] with potentials ϕ c and A c . This gauge has the feature that
The scalar potential of the Coulomb gauge is readily found to be [1, 2] 
where R = x − x . It is more difficult to calculate the vector potential of this gauge and an expression for it in closed form in terms of the sources has been obtained only recently [1] ,
By substituting (2.4) and (2.5) into (2.1) the expressions for the fields in terms of the sources [13] are obtained [1] 
with the retarded time, t , given by t = t − R /c, where R = x − x , the variable x being used for later convenience. The scalar potential of the Coulomb gauge (2.4), when expressed in terms of the sources, has the interesting feature of being instantaneous, the potential at time t being given by the sources at the same time t; the vector potential (2.5) is, though, non-local in time. The instantaneous nature of the scalar potential illustrates the non-physical nature of gauge potentials. Any physically measurable quantity, such as the fields E and B (2.6), (2.7), must be retarded to take account of the finite velocity of light, but a non-physically-measurable entity, such as a potential, need not be.
The Helmholtz theorem
The vector decomposition theorem of Helmholtz [14] states that any three-vector field that vanishes at spatial infinity can be expressed as the sum of two terms, the longitudinal A l (x) and transverse A t (x) components, which have the properties
These components are given explicitly as
and
The question we ask in this paper, and answer in the affirmative, is whether (3.2) and (3.3) can represent a vector potential consistent with the Maxwell equations. For example, is it valid to take, in the Coulomb gauge, the longitudinal component (3.2) to be zero, which it must be from (2.3), and the transverse component from (2.1) to be
where we have displayed the time component explicitly to signify that this is an equation that changes with time?
The transverse Helmholtz component as a gauge potential
We consider E and B to be the Maxwell fields generated by the sources ρ and J. If we differentiate equation (3.4) with respect to time, apply the Maxwell equation c∇ × E = −∂B/∂t and make use of the vector identity
we get
noting that the volume integral of the left-hand side of (4.1) vanishes for fields that vanish at infinity. Using the identity for the curl of a cross-product and the property that
3)
The first term on the right-hand side of (4.3) contains a delta function and gives E(x). In the second term, the ∇ on the right is taken outside the integral. Next, using the identity similar to (4.1) but with a divergence instead of a curl we get
If we identify ∇ · E, through a Maxwell equation, as 4π times the charge density ρ and define a scalar potential ϕ t to be 
This expression, which is similar to the first part of (2.1) relating E to the electromagnetic potentials, suggests that the transverse potential of equation (3.4) can be identified with the vector potential of the Coulomb gauge. In the next section of the paper, it is shown that equation (2.5) is, in fact, identical to the expression found recently for the vector potential of the Coulomb gauge, equation (3.4).
The transverse Helmholtz component as a Coulomb gauge potential
If we substitute (2.7) into (3.4) we get
We need to demonstrate that this leads to (2.5). From the relations R = x−x and R = x −x we get x − x = R − R . We convert the integral over x to one over R and note that with t fixed ∂/∂t = −c ∂/∂ R so
We take the spherical coordinates of R to be (r, θ, φ), with the reference axis of these coordinates along the direction of the vector R, so that θ is the angle between R and R . The corresponding Cartesian coordinates of R with respect to R we denote as (x , y and z ). The magnitude |R − R | is seen to be independent of φ. The two terms in (5.2) containing J, which we denote collectively as G, do not depend on φ either; only the vector cross-product G ×R does. This vector cross-product has Cartesian
. When we integrate these over φ from 0 to 2π we are left only with the terms that do not contain sin(φ) or cos(φ), so
To carry out the integral over θ we express the inverse of |R − R | in terms of Legendre polynomials P l (x)
where the variable r > or r < is the larger or smaller of R and R . Because of the orthogonality of the polynomials, the only non-vanishing integral over θ is that for l = 1, as
The domain of the integral over r is
If the variable of integration is changed to τ = r/c the integral becomes
The integration over τ is readily performed by parts to give
which gives finally 11) which shows that (2.5) and (3.4) are identical. This confirms the suggestion that (3.4) gives an alternative form of the vector potential of the Coulomb gauge. In addition, the scalar component (4.5) is the same as the scalar potential of the Coulomb gauge (2.4), demonstrating the complete equivalence of the two sets of potentials.
The Bohm-Aharonov vector potential
As a simple illustration of the use of equation (3.4) we calculate the vector potential in the Coulomb gauge for the field B(r) =ẑ Fδ(x)δ(y) in a long thin solenoid along the z-axis where F is the magnetic flux in the solenoid. This is the geometry that gives rise to the Bohm-Aharonov effect [3] . Operating with the curl on (3.4) provides an alternative form of this equation,
which, for this particular situation, gives
Noting that r =ẑz we get
The numerator of the integrand is a vector in the φ direction of magnitude (x 2 + y 2 ) 1/2 , using cylindrical coordinates (r, φ, z); the denominator is [
3/2 . The integral then comes to
and, carrying out this standard integration, we finally get A t (r, t) =φ F/(2π|r|). This is the standard result that is usually obtained in a simpler way with Stokes's theorem by equating the line integral of the vector potential to the flux enclosed in a circular path around the solenoid. Since the potential is instantaneous, it applicable to any arbitrary time dependence of the magnetic flux.
Conclusion
The vector decomposition theorem of Helmholtz leads to a form of the vector potential of the Coulomb gauge that, like the scalar potential, is instantaneous. It has been confirmed that this new form is mathematically identical to an expression for the vector potential derived recently [1] . The gauge can then be expressed in a way that is totally instantaneous. The scalar potential is expressed in terms of the instantaneous charge density (2.4), the vector potential in terms of the instantaneous magnetic field (3.4). Of course, the scalar potential can be expressed in terms of the instantaneous electric field by using an inhomogeneous Maxwell equation.
The gauge condition ∇ · A c = 0 of the Coulomb gauge can be maintained by making any gauge transformation with ∇ 2 χ = 0. The fundamental solution of this equation that is regular at infinity is χ = a/r + b. However, if the gauge function is required to be differentiable and to vanish at infinity [15] then a and b must both be zero. Accordingly, the gauge function vanishes, so the potentials of the Coulomb gauge are unique. This gauge is said to be completely 'fixed'.
Totally instantaneous gauges are not unprecedented. The Poincaré or multipolar gauge ϕ(r, t) = r · is a case in point [5, [16] [17] [18] . Of course, this gauge can be expressed in a form that is manifestly non-local in time by expressing the fields in the integrands in terms of the sources by means of (2.6) and (2.7).
